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Abstact 
This paper presents a nonlinear dynamic model for 

a four rotors helicopter in a form suited for control de- 
sign. W e  show that the input-output decoupling prob- 
lem is not solvable fo r  this model by means of a static 
state feedback control law. Then, a dynamic feed- 
back controller is developed which render the closed- 
loop system linear, controllable and nonintemctive af- 
ter a change of coordinates in the state-space. Finally, 
the stability and the robustness of the proposed control 
law in the presence of uind, turbulences and pammet- 
ric uncertainties is analyzed through a simulated case 
study. 

1 Introduction 
Autonomous UAVs' are increasingly popular plat- 
forms, due to their potential use in search and rescue, 
surveillance, law enforcement, inspection, mapping, 
aerial cinematography 111 [Z]. For these applications, 
the ability of helicopters to take off and land verti- 
cally, to perform hover flight, as well as their agility, 
controllability, make them ideal vehicles. 

In order to accomplish high level human-planned 
missions, flight control systems able to track accurate 
reference trajectories in the presence of wind or turbu- 
lences are required. Most of the realized flight control 
systems have been designed by applying classical syn- 
thesis techniques (such as singleloop PD systems, root 
locus, Bode plots etc.) to an approximate linear model 
of the vehicle dynamics . But the trend of escalating 
performance, the increasing maneuverability, the un- 
predictable changes in the environment, the stronger 
dynamic coupling and nonlinearities necessitate more 
sophisticated control systems 131 [4]. 

'Unmanned Aerial Vehicle 
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In this context, our efforts have been directed to 
the development of global feedback controllers for a 
miniature four rotors helicopter on the basis of a com- 
prehensive nonlinear dynamic model. Similar efforts 
have already been accomplished for standard model 
helicopters (See e.g. [5][6][7][8][9]). 

The paper is divided as follows: in Section 11, a dy- 
namic model for a miniature four rotors helicopter is 
developed. Based on this nonlinear model, we design 
in Section I11 a dynamic feedback control law which 
renders the system linear, controllable and noninterac- 
tive. In section IV, some simulations are carried out, 
allowing the analysis of the stability - robustness of 
the proposed controller in the presence of wind, tur- 
bulences and parametric uncertainties. Finally, in sec- 
tion V, our conclusions and directions for future work 
are presented. 

Figure 1: The miniature four rotors helicopter 
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2 Dynamic modeling of a 4 ro- 
tors helicopter 

In this section we develop the dynamic model describ 
ing the UAV position and attitude. The considered 
UAV is a miniature four rotors helicopter (Figure 1). 
Each rotor consists of an electric DC motor, a drive 
gear and a rotor blade. Forward motion is accom- 
:$shed by increasing the speed of the rear rotor while 
simultaneously reducing the fornard rotor by the same 
amount. Aft, left and right motion work in the same 
way. Yaw command is accomplished by accelerating 
the two clockwise turning rotors while decelerating the 
counter-clockwise turning rotors. 

The equations describing the attitude and position 
of an UAV are basically those of a rotating rigid body 
with six degrees of freedom [3][10]. They may be sepa- 
rated into kinematic equations and dynamic equations 

The kinematic equations may be represented as fol- 
lows. The absolute position of the UAV is described by 
the three coordinates (ZO, yo, 20) of its center of mass 
with respect to  an earth h e d  inertial reference frame 
and its attitude by the three Enler's angles ($,e,@). 
These three angles are respectively called yaw angle 
(-T 5 $ < T ) ,  pitch angle ( - 9  < 0 < 9) and roll 
angle ( - I  < @ < 9 ) .  

The derivatives with respect to time of the angles 
($,e,@) can be expressed in the form 

[Ill. 

~ 0 ~ ( 4 , 8 , 4 )  = M ( $ ,  0 ,  @)U (1) 
in which w = col@, q, T )  is the angular velocity ex- 

pressed with respect to a body reference frame and 
M($ ,  0 ,  @) is the 3x3 matrix given by 

I 0 sin4secO cos@secO i 1 sinCtan8 cos@tanO 
M ( + , O , @ ) =  0 cos@ -sin4 

This matrix, as shown, depends only on (+,e,@) 
and is invertible if the above conditions on ($ ,8,$)  
hold. 

Similarly, the derivative with respect to time of the 
position (zo. yo, 20) is given by 

col(&, $0, io) = vo (2) 

where VO = col(u0, VO, W O )  is the absolute velocity 
of the UAV expressed with respect to an earth fmed 
inertial reference frame. Let V = col(u,v,w) be the 
absolute velocity of the UAV expressed in a body fmed 
reference frame. V and Vo are related by 

vo = R(+, 0 ,  4 ) ~  

cem c+sss@ - c4.w c$c+se -t S ~ S +  
R = COS,$ s e s w  + c+c$ c4ses+ - c+s$ [ -so COS@ cec4 

where R(+,Q, @) is the rotation matrix given by2 

1 
(1) and (2) are the kinematic equations. The 

dynamic equations are now expressed. Using the 
Newton's laws about the center of mass one obtains 
the dynamic equations for the miniature four rotors 
helicopter3 

m is the mass, J is the inertia matrix given by 

.I=[$ I., 0 0  0 1  

o o r, 
and F,,t, CTest represent the vector of external 

forces and external torques respectively. They contain 
the helicopter's weight, the aerodynamic forces vector, 
the thrust and the torque developed by the four rotors. 
Some calculations yield the following form for theses 
two vectors 

in which 

coZ(A,, A,, A,) and col(Ap, A,, A,) are the result- 
ing aerodynamic forces and moments acting on 
the UAV and are computed from the aerodynamic 
coefficients C; as Ai = ;p,,irC,W2 (pa+ is the air 
density, W is the velocity of the UAV with respect 
to the air) [lo]; 

g is the gravity constant (g = 9 .8 lm~-~) ;  

2C@, SB and TO denote respectively cos(@), sin(@) and tan(@) 
x denotes the usual "vector" product 
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d is the distance from the center of mass to the 
rotors; 

u1 is the resulting thrust of the four rotors; 

u2 is the difference of thrust between the left rotor 
and the right rotor; 

0 ug is the difference of thrust between the front 
rotor and the back rotor; 

u4 is the difference of torque between the two 
clockwise turning rotors and the two counter- 
clockwise turning rotors. 

Each rotor undergoes thrust and torque and of 
course leaves a wake behind as it moves. If the veloc- 
ity induced by the wake is omitted, it can be shown 
that they are proportional to the square of the angular 
speed of the rotor shaft [12]. Assuming that the elec- 
tric motors are velocity controlled, then ( U I ,  U*, us, u4) 
may be considered directly as control inputs. 

Using equations (l), (2), (3) and (4), one get a sys- 
tem of non linear differential equations which is de- 
scribed in state space form by 

where 
i=l 

f ( X I  = 

and 

U0 
WO 

WO 
qsin@secO + Tcos@secB 

q cos @ - r sin 4 
p + q sin @ tan6 + r cos 4 tan B 

(5) 

with 

g; = --(cos@sin6sin$-cos$sin~) 1 
m 

The mathematical model (5) is assumed to be suf- 
ficiently accurate in representing all UAV functional 
motions 131 but is not suitable for control design be- 
cause it depends upon the aerodynamic forces and mc- 
ments, which are unknown in the presence of unpre- 
dictable winds and turbulences. Thus, these terms 
are neglected during the control design and are con- 
sidered as external disturbances. The purpose of the 
next section is to design a feedback controller for the 
four rotor miniature helicopter which presents robust- 
ness properties against neglected effects and paramet- 
ric uncertainties. This is the purpose of the feedback 
loop, which has the potential to counteract model U- 

certainties as it's verified in the simulated examples of 
Section IV. 

3 Exact linearization and non- 
interacting control 

This section deals with the design of a feedback control 
law (and a change of coordinates in the state-space) 
to the purpose of transforming the nonlinear system 
(5) into a linear and controllable one. This problem is 
known as the exact linearization problem in the litera- 
ture [13][11][14]. Moreover, we would like to reduce 
the system from an input-output point of view, to 
an aggregate of independent single-input single-output 
channels: This is the noninteracting control problem 
1131 or input-output decoupling problem [ll]. 

It will be shown that none of these two problems 
are solvable for the nonlinear system (5) by means of 
a static state feedback control law but by means of a 
dynamic feedback control law. 

First, it's necessary to define the control objective 
by choosing an output function for the system (5). To 
avoid unnecessary complications, we set the number 
of input channels equal to the number of output chan- 
nels. We would like to control the absolute position 
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of the UAV (20, yo, zo) and the yaw angle 1/, therefore 
the output function is chosen as 

Y = h(z) =CO~(~O,YO,.ZO,@) 

We assume in this paper the state z of the system 
being f d y  available for measurements and we seek a 
static state feedback control law of the form 

U = a(.) + P(z). (6) 

later, a(.) = C O ~ ( C Y I ( ~ ) , L Y ~ ( ~ ) ,  a3(2),014(z)) and B(z) 
where li is an external reference input to be defined 

is a 4x4 matrix. 
Let { T ~ , T ~ , T ~ , T ~ }  be the vector relative degree of 

the system (5). Recall that the relative degree T ;  is 
exactly the number of times one has to differentiate 
the ith output in order to have at least one component 
of the input vector U explicitly appearing. Thus, we 
have4 

T, = ( i d  IC, 3j ,  1 5 j I 4, L,  L;-'hi # 0) 

and 

c o l ( y ~ ) , y ~ ) , y ~ ) , y ~ ) )  = b(z) +A(z)u 

where 

1 LpL-1 
g4 f h l k )  L'z-1 

9, f hl(X) ". 
... . . .  

L 9 ,  h4(x) ... L 91 LP4-' f h4(2) L V 4 - 1  

(7) 

A(x) = 

The main result about the input-output decoupling 
problem is that this problem is solvable if and only if 
the matrix A(z) is nonsingular. In this case, the static 
state feedback (6) with 

a(.) = -A-'(z)b(z) (9) 
D(z) = A-'(z) 

renders the closed loop system linear and decoupled 
from an input-output point of view. More precisely, we 
have 

y(rd = U; for all i, 1 5 i 5 4 
' L f  denotes the Lie derivative along the wctorfield f 

But, for the nonlinear system ( 5 ) ,  we have 

T i  = T2 = T3 = T4 = 2 

and 

1 A4,4 = -(cos@sec8) 
I ,  

Obviously, A(z) is singular for all z therefore, the 
input-output decoupling problem is not solvable for 
the system (5) by means of a static state feedback 
control law. 

We seek explanations why the matrix A(z) is al- 
ways singular. The reason is that the derivatives yr), 
yp) and yf) are affected all by the input 211 and none 
by ~2,213,214.  Thus, in order to get A(x) nonsingular, 
we could try to render yr), yp' and yf) independent 
of 211, that is to delay the appearance of u1 to higher 
order derivatives of y1, y2 and y3 and hope that the 
others inputs show up [13]. In order to achieve this 
result, we set u1 equal to the output of a double inte- 
grator driven by 6 1 ,  i.e. 

U1  = c (10) 
i = E  
4 = 211 

For consistency of notation we also set, for the other 
input channels which have been left unchanged 

U2 = c2 (11) 
U3 = c3 
U4 = .  cLq 

Note that u1 is not anymore an input for the system 
(5) but becomes the internal state c for the new dy- 
namical system (10). The extended system obtained 
is described by equations of the form 
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and 

f(Z) = 

U0 
WO 

WO 
qsinbsec B + T cos $sec 0 

&(2) = c0l(0,0,0,0,0,0,0,0,0,0,1,0,0,0) 

&(f) = c0l(0,0,0,0, o,o,o,o,o,o,o, -, 0,O) 

93(2) = c0l(0,0,0,0,0,0,0,0,0,0,0,0,-,0) 

9&(2) = col(0,0,0,0,0,0,0,0,0,0,0,0,0,-) 

d 
1, 

d 
1, 

1 
I ,  

Now, the input-output decoupling problem is solv- 
able for the nonlinear system (5) by means of a dy- 
namic feedback control law if it is solvable via static 
feedback for the extended system (12). 

For the nonlinear system (12), the vector relative 
degree {TI ,  T Z ,  73, ~ 4 )  is given by 

~ l = r 2 = ~ 3 = 4 ;  r 4 = 2  

and we have 

c o l ( y p " , y ~ ) , y ~ ) , y ~ j )  = b(Z) + A(2)u (13) 

where A(*) and b(z) are computed using equations 

The matrix A(2) is nonsingular at any point char- 
acterized by < # 0, -? < $ < ?, -$ < R < :. There- 
fore, the input-output decoupling problem is solvable 

(7) and (8). 

for the system ( 5 )  by means of a dynamic feedback 
control law of the form: 

ii = a(2) + p(qW 

where a(%) and B(Z) are computed using (9). Re- 
call the relation between U and ii (equations 10 and 
ll),  we get the structure (Figure 2) for the control law 
of the original system (5): 

Figure 2: Block diagram of the control law 

Moreover, since the extended system (12) has di- 
mension n = 14, the condition 

T i  + Tz f TQ + T4 = n 

is fulfilled and therefore, the system can be trans- 
formed via dynamic feedback into a system which, in 
suitable coordinates, is fully linear and controllable. 
The change of coordinates z = a(%) is given by 

21 = h1(z) = zo 
22 = Lf h1(z) = io 
z3 = Lzf hl(.) =io 
24 = L3f h l ( z )  = z!' 

2, = L; h&) = y o  

2s = LB hz(.) =yo (3) 

29 = h3(z) = 20 
210 = Lf  h3(2) = i o  
z11 = L? h3(z) = io 
212 = L: h3(2) = to (3) 

214 = Lf h4(2) = $ 

25 = hZ(z) = YO 
zj = Lf hz(z) = yo 213 = h4(z) = dJ , 

In the new coordinates, the system appears as 

i. = Az+Bw (14) 
y = cz 

in which5 
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0 1 0 0  

= [. 0 0 1 0  0 0 1 1  &=[ :  :] 
0 0 0 0  
0 0 0 0  0 0 0 0  
0 0 0 0  

0 0 0 0  
1 0 0 0  0 1 0 0  
0 0 0 0  
0 0 0 0  

0 0 1 0  
B3 = 0 0 0 ]  B4=[: : !] 

where the coefficients &k are chosen in order to 
assign a specific set of eigenvalues and (xd,Yd,td,$d) 
is the desired trajectory. 

This achieves the design of a dynamic feedback con- 
troller for the miniature four rotor helicopter. In the 
next section, simulations are carried out to verify the 
robustness of the proposed controller in the presence 
of uncertainties in the dynamic model. 

4 Simulation results 

Extensive simulations were made considering different 
wind conditions and parametric uncertainties. Some 
of the obtained results are presented in the following to 
illustrate the performance of the proposed controller. 
In this simulation, the reference trajectory chosen is a 
vertical helix (Figure 4) whose equations are given by 

The helicopter is initially in hover flight and the 
mtial position is zo = 0, yo = 0, 20 = 0 ,  $ = 0. 
The parameters used for the helicopter are given by 
rn = 0.7, IS = I y  = IZ = 1.2416, d = 0.3, g = 9.81. 
We have used the following control gains: = 625, 
c1 = 500, cz = 150, CQ = 20, cq = cg = 4. 

. . .  

4.1 Flight without wind 

Figures (4) and ( 5 )  show the tracking errors with no 
wind. The parameters rn, I,, I,,, I, are assumed ex- 
actly known. In these conditions, the helicopter fol- 
lows the desired trajectory after a short transient. 

4.2 Flight with wind and parametric 
uncertainties 

Figures (6) and (7) show the tracking results with a 
constant wind blowing from’North, when there is a 
-20% error in the parameters m, I,, Iy, I,. The wind 
exerts an unmodelled 10 Newton force on the heli- 
copter. It is seen from the figures that the tracking 
errors still converge towards zero although the actual 
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Figure 4: Reference trajectory and actual trajectory 
with no wind 

I 

Figure 5:  'Itacking errors with no wind 

Figure 6: Reference trajectory and desired trajectory 
with wind 

Figure 7: 'Itacking errors with wind 

trajectory is altered by the wind during a short tran- 
sient. The helicopter fairly follows the desired trajec- 
tory with little influence from the presence of wind 
and parameter uncertainties. 

5 Conclusion 
This paper has presented a dynamic model for a minia- 
ture four rotors helicopter. It has been shown that this 
nonlinear model cannot be transformed into a linear 
and controllable one by means'of a static feedback con- 
trol law. Then a dynamic feedback controller has been 
developed, which renders the system linear, control- 
lable and noninteractive from an input-output point 
of view. Finally, some simulations have been carried 
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out and the stability - robustness of the control law 
in the presence of wind, turbulences and parametric 
uncertainties have been validated. 

The requirement to measure all the states for feed- 
back is the most important limitation of the proposed 
controller. Hence, future research includes the de- 
sign of a nonlinear state observer for feedback and the 
stability analysis of the closed-loop system. Another 
drawback of the linearization techniques is the waste- 
ful cancellation of beneficial nonlinearities. Other 
techniques based on control Lyapunov functions are 
more flexible and do not force the closed-loop system 
to appear linear. They.can avoid cancellations of use- 
ful nonlinearities, leading to a dramatic reduction in 
the control effort [4][15]. These techniques need to 
be investigated and compared with the dynamic con- 
troller presented in this paper. Finally, it’s planned 
to validate the proposed control schemes on an exper- 
imental four rotors helicopter that is under construc- 
tion in our laboratory. 
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